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Abstract 

Recent work has shown that if an isostatic bar and joint frame- 
work possesses non-trivial symmetries, then it must satisfy some very 
simply stated restrictions on the number of joints and bars that are 
'fixed' by various symmetry operations of the framework. 

For the group C3 which describes 3-fold rotational symmetry in 
the plane, we verify the conjecture proposed in [3] that these restric- 
tions on the number of fixed structural components, together with the 
Laman conditions, are also sufficient for a framework with C3 symme- 
try to be isostatic, provided that its joints are positioned as generically 
as possible subject to the given symmetry constraints. 

In addition, we establish symmetric versions of Henneberg's The- 
orem and Crapo's Theorem for C3 which provide alternate character- 
izations of 'generically' isostatic graphs with C3 symmetry. 

As shown in [19j, our techniques can be extended to establish anal- 
ogous results for the symmetry groups C2 and C s which are generated 
by a half-turn and a reflection in the plane, respectively. 



1 Introduction 

A bar and joint framework is said to be isostatic if it is minimal infmites- 
imally rigid, in the sense that it is infinitesimally rigid and the removal of 
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any bar results in an infinitesimally flexible framework (see [HI El ESS E2] , for 
example) . 

In 1970, G. Laman provided an elegant characterization of generically 2- 
isostatic graphs, that is, graphs whose generic 2-dimensional realizations as 
bar and joint frameworks are isostatic |14j . There are well known difficulties 
in extending this result to higher dimensions (see [HI El E2], for example). 

Using techniques from group representation theory, it was recently shown 
in [1] that if a 2-dimensional isostatic bar and joint framework possesses non- 
trivial symmetries, then it must not only satisfy the Laman conditions, but 
also some very simply stated extra conditions concerning the number of joints 
and bars that are fixed by various symmetry operations of the framework (see 
also [18, 19J). In particular, these restrictions imply that a 2-dimensional iso- 
static framework must belong to one of only six possible point groups. In the 
Schoenflies notation [3], these groups are denoted by Ci, C2, C3, C s , Civ-, and 

It was conjectured in [I] that the Laman conditions, together with the 
corresponding additional conditions concerning the number of fixed struc- 
tural components, are not only necessary, but also sufficient for a symmetric 
framework to be isostatic, provided that its joints are positioned as generi- 
cally as possible subject to the given symmetry constraints. 

In this paper, we use the definition of 'generic' for symmetry groups es- 
tablished in [T7j to verify this conjecture for the symmetry group C3 which 
describes 3- fold rotational symmetry in the plane (Z 3 as an abstract group). 
The result is striking in its simplicity: to test a 'generic' framework with C3 
symmetry for isostaticity, we just need to check the number of joints that are 
'fixed' by the 3-fold rotation, as well as the standard conditions for generic 
rigidity without symmetry. 

By defining appropriate symmetrized inductive construction techniques, 
as well as appropriate symmetrized tree partitions of graphs, we also establish 
symmetric versions of Henneberg's Theorem (see [9], [13]) and Crapo's Theo- 
rem ( [5j Mi El] ) for the group C3. These results provide us with some alternate 
techniques to give a 'certificate' that a graph is 'generically' isostatic modulo 
C3 symmetry. Furthermore, they enable us to generate all such graphs by 
means of an inductive construction sequence. 

With each of the main results presented in this paper, we also lay the 
foundation to design algorithms that decide whether a given graph is gener- 
ically isostatic modulo C3 symmetry. 

It is shown in [TH] that our techniques can be extended to establish sym- 
metric versions of Laman's Theorem, Henneberg's Theorem, and Crapo's 
Theorem for the symmetry groups C2 and C s which are generated by a half- 
turn and a reflection, respectively, as well. However, it turns out that these 
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proofs, in particular the ones for C s , are considerably more complex than the 
ones for C 3 . For simplicity, we therefore restrict our attention to the group 
C 3 in this paper. 

The Laman-type conjectures for the dihedral groups C 2v and C% v are still 
open. For a discussion on the difficulties that arise in proving these con- 
jectures (as well as a variety of related conjectures), we refer the interested 
reader to [T$] . 

2 Rigidity theoretic definitions and prelimi- 
naries 

2.1 Graph theory terminology 

All graphs considered in this paper are finite graphs without loops or 
multiple edges. The vertex set of a graph G is denoted by V(G) and the edge 
set of G is denoted by E(G). Two vertices u 7^ v of G are said to be adjacent 
if {u, v} G E(G), and independent otherwise. A set S of vertices of G is 
independent if every two vertices of S are independent. The neighborhood 
Ng{v) of a vertex v G V(G) is the set of all vertices that are adjacent to v 
and the elements of Ng(v) are called the neighbors of v. 

A graph H is a subgraph of G if V(H) C V(G) and C E(G), in 

which case we write H C G. The simplest type of subgraph of G is that 
obtained by deleting a vertex or an edge from G. Let f be a vertex and e 
be an edge of G. Then we write G — {v} for the subgraph of G that has 
V(G) \ {v} as its vertex set and whose edges are those of G that are not 
incident with v. Similarly, we write G — {e} for the subgraph of G that has 
V(G) as its vertex set and E{G) \ {e} as its edge set. The deletion of a set 
of vertices or a set of edges from G is defined and denoted analogously. 

If u and v are independent vertices of G, then we write G + {{u, u}| for 
the graph that has V(G) as its vertex set and E(G) U {{u, v}j as its edge 
set. The addition of a set of edges is again defined and denoted analogously. 

For a nonempty subset U of V(G), the subgraph (U) of G induced by U 
is the graph having vertex set U and whose edges are those of G that are 
incident with two elements of U. 

The intersection G = G\ PI G 2 of two graphs G\ and G 2 is the graph 
with V(G) = V{G X ) n V(G 2 ) and = E{G X ) n ^(G 2 ). Similarly, the 

nnzon G = d U G 2 is the graph with V(G) = V{G X ) U V(G 2 ) and E(G) = 
E(Gi)UE(G 2 ). 
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An automorphism of a graph G is a permutation a of V(G) such that 
{«, v} G -E(G) if and only if {a(u), a(v)} G E{G). The automorphisms of a 
graph G form a group under composition which is denoted by Aut(G). 

Let if be a subgraph of G and a G Aut(G). We define a(H) to be the 
subgraph of G that has a(V(H)) as its vertex set and a(E(H)) as its edge 
set, where {u,v} G a(E(H)) if and only if a" 1 ^^, v }) = « _1 (f )} G 

We say that H is invariant under a if a(7(if)) = 7(iif) and a(E(H)) = 
E(H), in which case we write a(H) = H. 
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(a) (b) (c) 

Figure 1: An invariant (b) and a non-invariant subgraph (c) of the graph 
G under a = (v 1 v 2 v 3 ) (v± v 6 ) G Aut{G). 

The graph G in Figure [D (a), for example, has the automorphism 
a = (v± V2 Vs)(v4 v§ Vq). The subgraph Hi of G is invariant under a, but 
the subgraph H 2 of G is not, because a(E(H 2 )) ^ E(H 2 ). 

2.2 Infinitesimal rigidity 

Definition 2.1 0, EJ SOI [32] A framework in M d is a pair (G,p), where G is 
a graph and p : V(G) — > R is a map with the property that p(w) 7^ p(t> ) for 
all {tt, v} G E(G). We also say that (G,p) is a <i-dimensional realization of 
the underlying graph G. 

An ordered pair (t>,p(t>)), where t> G 7(G), is a jom£ of (G,p), and an 
unordered pair (v,p(v))} of joints, where {u,v} G E(G), is a frar 

of(G,p). 

Definition 2.2 P EDI E2] Let (G,p) be a framework in R d with 7(G) = 
{vi,v 2 , . . . ,v n }. An infinitesimal motion of (G,p) is a function it : 7(G) — ► 
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R d such that 

(pfa) - p(vj)) ■ (ufa) - u(vj)) = for all {v h Vj} e E(G). 

An infinitesimal motion is a set of displacement vectors, one at each joint 
of the framework, which preserve the lengths of all bars at first order (see 
also Figure [2]). 

Definition 2.3 P, [30J, [32] An infinitesimal motion u of a framework (G,p) 
is an infinitesimal rigid motion if there exists a skew-symmetric matrix S (a 
rotation) and a vector t (a translation) such that u{v) = Sp(v) + t for all 
v G V(G). Otherwise u is an infinitesimal flex of (G,p). 

Definition 2.4 [9], [30], [32] A framework (G,p) is infinitesimally rigid if every 
infinitesimal motion of (G,p) is an infinitesimal rigid motion. Otherwise 
(G,p) is said to be infinitesimally flexible. 



Figure 2: The arrows indicate the non-zero displacement vectors of an in- 
finitesimal rigid motion (a) and infinitesimal flexes (b, c) of frameworks in 



For a framework (G, p) whose underlying graph G has a vertex set that is 
indexed from 1 to n, say V(G) = {v\, i>2> • • • , v n }, we will frequently denote 
p(vi) by pj for i — 1, 2, . . . , n. The fc*' 1 component of a vector x is denoted by 

0)fc- 

Definition 2.5 [HI El [301 [32] Let G be a graph with V(G) = {v u v 2 , . . . , v n } 

and let p : V(G) — > R d . The rigidity matrix of (G,p) is the |^7(GQ | x dn 




(a) 



(b) 
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matrix 



R(G,p) 



t 



\ 



pi- pj 



pj - pi 



that is, for each edge {vi,Vj} G E(G), R(G,p) has the row with (p, — 
Pj)!,..., (pi ~Pj)d in the columns d(i - 1) + 1, . . . , di, (pj -pi)i, {pj ~Pi)d 
in the columns d(j — 1) + 1, ... , dj, and elsewhere. 



Note that if we identify an infinitesimal motion of {G,p) with a column 
vector in M. dn (by using the order on V(G)), then the kernel of the rigidity 
matrix R(G,p) is the space of all infinitesimal motions of (G,p). 



Theorem 2.1 JU, [7|/ A framework {G,p) in IR d is infinitesimally rigid if and 
only if either rank (R((?,p)) = d|V(G)| — ( d 1 2 1 ) or G is a complete graph K n 
and the points p(v), v G V(G), are affinely independent. 



Definition 2.6 0, EDI E2] A framework (G,p) is independent if the row 
vectors of the rigidity matrix H(G,p) are linearly independent. A framework 
which is both independent and infinitesimally rigid is called isostatic. 



An isostatic framework is minimal infinitesimally rigid, in the sense that 
the removal of any bar results in an infinitesimally flexible framework (see 

also [8 El EDI E2!). 

Theorem 2.2 J3, For a d-dimensional realization {G,p) of a graph G 
with \ V(G)\ > d, the following are equivalent: 

(i) (G,p) is isostatic; 

(ii) (G,p) is infinitesimally rigid and \E(G)\ = d\V(G)\ — ( d ~^ 1 ); 
(in) (G,p) is independent and \E(G)\ = d\V(G)\ - 



2.3 Generic rigidity 

Generic rigidity is concerned with the infinitesimal rigidity of 'almost all' 
geometric realizations of a given graph. One of the 'standard' definitions of 
'generic' that is frequently used in rigidity theory is the following. 
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Definition 2.7 [El [H] Let G be a graph with V(G) = {vi, . . . ,v n } and K n 
be the complete graph on V(G). A framework {G,p) is generic if the deter- 
minant of any submatrix of H(K n ,p) is zero only if it is (identically) zero in 
the variables p\. 

There are two fundamental facts regarding this definition of generic. First, 
it follows immediately from Definition 12.71 that the set of all generic realiza- 
tions of a given graph G in M. d forms a dense open subset of all possible 
realizations of G in M. d [9] . Secondly, the infinitesimal rigidity properties are 
the same for all generic realizations of G, as the next result shows: 

Theorem 2.3 |2l ffflj]/ For a graph G and a fixed dimension d, the following 
are equivalent: 

(i) (G,p) is infinitesimally rigid (independent, isostatic) for some map 
p : V(G) -> R d ; 

(ii) every d- dimensional generic realization ofG is infinitesimally rigid (in- 
dependent, isostatic). 

It follows that for generic frameworks, infinitesimal rigidity is purely com- 
binatorial, and hence a property of the underlying graph. This gives rise to 
the following definition of infinitesimal rigidity for graphs: 

Definition 2.8 A graph G is generically d-rigid (d-independent, d-isostatic) 
if d- dimensional generic realizations of G are infinitesimally rigid (indepen- 
dent, isostatic). 

In 1970, G. Laman proved the following combinatorial characterization 
of generically 2-isostatic graphs. 

Theorem 2.4 (Laman, 1970) JXffi A graph G with \V(G)\ > 2 is generi- 
cally 2-isostatic if and only if 

(i) \E(G)\ = 2\V(G)\-3; 

(ii) \E(H)\ < 2\V(H)\ - 3 for all H C G with \V{H)\ > 2. 
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Various proofs of Laman's Theorem can be found in [S], [H], [IS], [21], and 
[29J, for example. 

Throughout this paper, we will refer to the conditions (i) and (ii) in 
Theorem 12.41 as the Laman conditions. 

A combinatorial characterization of generically isostatic graphs in dimen- 
sion 3 or higher is not yet known. See [H [9], [25], for example, for a detailed 
discussion of this problem. 

There are some inductive construction techniques that preserve the 
generic rigidity properties of a graph. These construction techniques can 
be used to prove theorems such as Laman's Theorem, to analyze graphs 
for generic rigidity, and to characterize generically 1-isostatic and 2-isostatic 
graphs. For all dimensions d, they provide a tool to generate classes of gener- 
ically rf-isostatic graphs. 

Definition 2.9 [251 ED] Let G be a graph, U C V(G) with \U\ = d and 
v i V(G). Then the graph G with V(G) = V(G) U {v} and E(G) = 
E{G) U {{f , u}\u e C/} is called a vertex d-addition (by v) of G. 

Theorem 2.5 (Vertex Addition Theorem) J3 \3U] A vertex d- 
addition of a generically d-isostatic graph is generically d-isostatic. Con- 
versely, deleting a vertex of valence d from a generically d-isostatic graph 
results in a generically d-isostatic graph. 

Definition 2.10 j23 ED] Let G be a graph, U C V(G) with \U\=d+l and 
u 2 } G E(G) for some ttj, u 2 G t/. Further, let f ^ V(G). Then the graph 
GwithV(G) = V(G)U{w}andE(G) = ( J E(G)\{{w 1 , w 2 }})u{{?;, u}\u G C/} 
is called an edge d-split (on U\,u<i\v) ofG. 

Theorem 2.6 (Edge Split Theorem) ^\g\2^\3Uj An edge d-split of a 
generically d-isostatic graph is generically d-isostatic. Conversely, if one 
deletes a vertex v of valence d + 1 from a generically d-isostatic graph, then 
one may add an edge between one of the pairs of vertices adjacent to v so 
that the resulting graph is generically d-isostatic. 

In 1911, L. Henneberg gave the following characterization of generically 
2-isostatic graphs. 

Theorem 2.7 (Henneberg, 1911) [13] A graph is generically 2-isostatic 
if and only if it may be constructed from a single edge by a sequence of vertex 
2-additions and edge 2- splits. 
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(a) 



for some pair 
(b) 



Figure 3: Illustrations of the Vertex Addition Theorem (a) and the Edge Split 
Theorem (b) in dimension 2. 



For a proof of Henneberg's Theorem, see [S] or [23] , for example. 

Another way of characterizing generically 2-isostatic graphs is due to H. 
Crapo and uses partitions of a graph into edge disjoint trees. 



Definition 2.11 p2, [151 EI] A 3Tree2 partition of a graph G is a partition of 
E{G) into the edge sets of three edge disjoint trees T ,T 1 ,T 2 such that each 
vertex of G belongs to exactly two of the trees. 

A 3Tree2 partition is called proper if no non-trivial subtrees of distinct 
trees Tj have the same span (i.e., the same vertex sets). 



T 
T-i 
T 2 




O 



(b) 



Figure 4: A proper (a) and a non-proper (b) 3Tree2 partition. 



Remark 2.1 If a graph G has a 3Tree2 partition, then it satisfies ^(G)! = 
2|V((j)| — 3. This follows from the presence of exactly two trees at each 
vertex of G and the fact that for every tree T we have |-E(T)| = |V(T)| — 1. 
Moreover, note that a 3Tree2 partition of a graph G is proper if and only if 
every non-trivial subgraph H of G satisfies the count \E{H)\ < 2\V{H)\ — 3 

ng. 

Theorem 2.8 (Crapo, 1989) |5]/ A graph G is generically 2-isostatic if 
and only if G has a proper 3Tree2 partition. 
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3 Symmetric frameworks 



A symmetry operation of a framework (G, p) in IR d is an isometry x of M. d 
such that for some a G Aut(G), we have x(p(v)) = p(a(v)) for all v G V(G) 

[IIIE1EIE]. 

The set of all symmetry operations of a framework (G, p) forms a group 
under composition, called the point group of (G, p) [U EJ El [19], [IT] . Since 
translating a framework does not change its rigidity properties, we may as- 
sume wlog that the point group of any framework in this paper is a symmetry 
group, i.e., a subgroup of the orthogonal group 0(IR d ) [T£ j [T9l [T7] . 

We use the Schoenflies notation for the symmetry operations and symme- 
try groups considered in this paper, as this is one of the standard notations in 
the literature about symmetric structures (see [U El IU EJ El El EJ El E] , 
for example). The three kinds of possible symmetry operations in dimension 
2 are the identity Id, rotations C m about the origin by an angle of — , where 
m > 2, and reflections s in lines through the origin. In the Schoenflies no- 
tation, this gives rise to the following families of possible symmetry groups 
in dimension 2: C\, C s , C m and C mv , where m > 2. C\ denotes the trivial 
group which only contains the identity Id. C s denotes any symmetry group 
in dimension 2 that consists of the identity Id and a single reflection s. For 
m > 2, C m denotes any cyclic symmetry group of order m which is generated 
by a rotation C m , and C mv denotes any symmetry group in dimension 2 that 
is generated by a pair {C m , s}. 

Given a symmetry group S in dimension d and a graph G, we let ffl{o,S) 
denote the set of all rf-dimensional realizations of G whose point group is 
either equal to S or contains S as a subgroup (TTJ El E] . In other words, 
the set &{G,S) consists of all realizations (G,p) of G for which there exists a 
map $ : S — ► Aut(G) so that 

x(p(v)) = p($(x)(v)) for all v G V{G) and all x G S. (1) 

A framework (G,p) G &(g,s) satisfying the equations in §T§ for the map 
$ : S — > Aut(G) is said to be of type $, and the set of all realizations in 
&(G,s) which are of type $ is denoted by &(g,s,<i>) (see again [17 ] fl8l [19] ) . 

Different choices of types $ : S — > Aut(G) frequently lead to very different 
geometric types of realizations of G within M(a,s)- This is illustrated by 
the realizations of the complete bipartite graph K^^ with mirror symmetry 
depicted in Figure El The framework in Figure E] (a) is a realization in 
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&(k 3 ,3,Cs) °f type ®a, where $ a : C s -> Aut(i^ 3>3 ) is defined by 

® a (Id) = id 

$ a (s) = («lV 2 )(«5«6)(«3)(V4), 

and the framework in Figure (b) is a realization in &(K 33 ,c a ) °f tyP e 
where : C s — > Au^-ft^) is defined by 

$ b (icf) = id 

= (t>i D 4 ) (v 2 V 5 ){V3V 6 ) ■ 

Note that 'almost all' realizations in Mik 3 3 ,c s ,<& a ) are isostatic, whereas all 
realizations in &(K 33 ,c s ,$ b ) are infinitesimally flexible since the joints of any 
realization in M(K 3<3 ,c s ,<s> b ) are forced to lie on a conic section [TF1 128] . 




Figure 5: 2- dimensional realizations in &(k 33 ,c s ) of different types. 

Remark 3.1 A set £%(g,S) can possibly be empty. For example, there clearly 
exists no 2-dimensional realization of K 2 in the set M^k 2 ,c 3 )- 

Given a non-empty set M(g,s)i it is a ls° possible that £$(g,s,$) — f° r 
some map $ : S — > Aut(G). 

Consider, for example, the non-empty set &(k 2 ,c 2 ), where C 2 = {Id, C 2 } 
is the half-turn symmetry group in dimension 2, and let / : C 2 — > Aut(K 2 ) be 
the map which sends both Id and C 2 to the identity automorphism of K 2 . If 
(K 2 ,p) e &(k 2 ,c 2 ,i), then both joints of (K 2 ,p) must be located at the origin 
(which is the center of C 2 ). This contradicts Definition 12.11 of a framework, 
and hence we have &(k 2 ,c 2 ,i) — 0- 

The following symmetry-adapted notion of generic for the set &(g,s,<s>) 
was introduced in [17] (see also [T9]). 
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Definition 3.1 Let G be a graph with V(G) = {i>i, . . . ,v n } and let K n be 
the complete graph on V(G). Further, let S be a symmetry group and $ be 
a map from S to Aut(G). A framework (G,p) G &(g,s,g>) is $) -generic if 
the determinant of any submatrix of H(K n ,p) is zero only if it is zero for all 
p' satisfying the symmetry equations in (JT]). 

Intuitively, an (S, $)-generic realization of a graph G is obtained by 
placing the vertices of a set of representatives for the symmetry orbits 
Sv = {<&(x)(v)\ x E S} into 'generic' positions. The positions for the remain- 
ing vertices of G are then uniquely determined by the symmetry constraints 
imposed by S and $ (see [13112], for further details). 

It is shown in [T7j that the set of (S, $)-generic realizations of a graph 
G is an open dense subset of the set 3&(g,s,$)- Moreover, the infinitesimal 
rigidity properties are the same for all (S, $)-generic realizations of G, as the 
following theorem shows. 

Theorem 3.1 |77[ IWf Let G be a graph, S be a symmetry group, and $ be a 
map from S to Aut(G) such that £&(g,s,$) 7^ 0- The following are equivalent. 

(i) There exists a framework (G,p) G &(g,s,$) that is infinitesimally rigid 
(independent, isostatic); 

(ii) every (S,^) -generic realization of G is infinitesimally rigid (indepen- 
dent, isostatic). 

So, being infinitesimally rigid (independent, isostatic) is an (S, $)-generic 
property. This gives rise to 

Definition 3.2 Let G be a graph, S be a symmetry group, and $ be a map 
from S to Aut(G). Then G is said to be (S,Q)-generically infinitesimally 
rigid (independent, isostatic) if all realizations of G which are (S, $)-generic 
are infinitesimally rigid (independent, isostatic). 

Using techniques from group representation theory, it is shown in [3] that 
if a symmetric isostatic framework (G,p) belongs to a set &(g,s&), where S is 
a non-trivial symmetry group and $ : S —>■ Aut(G) is a homomorphism, then 
(G,p) needs to satisfy certain restrictions on the number of joints and bars 
that are 'fixed' by various symmetry operations of (G,p) (see also [6l fT71 fT9] ) . 
In the following, we summarize the key result for dimension 2. 



12 



Definition 3.3 PU EH] Let G be a graph with V(G) = . . . ,v n }, S be 
a symmetry group, $ be a map from S to Aut(G), (G,p) be a framework 
in M(G,s,^)-, and A joint (vi,pi) of is said to be /ized by x with 

respect to $ if $(x)(vi) = 

Similarly a bar {(ui,Pi), (^i,Pj)} of (G,p) is said to be fixed by x with 
respect to <3> if ({vi, Vj}) = {vi,Vj}. 

The number of joints of {G,p) that are fixed by x with respect to <3> is 
denoted by j&( x ) and the number of bars of (G,p) that are fixed by x with 
respect to $ is denoted by b<t>( x ). 

Remark 3.2 If a joint (t> ,p(u )) of a framework G <5?(g,s,*) is fixed by 

x G 5 with respect to $, then we have x(p(v)) = p($(x)(v)) = p(v). In 
particular, if (G,p) is a 2-dimensional framework, then a joint that is fixed 
by a rotation C m G 5 1 must lie at the center of C m , and a joint that is fixed 
by a reflection s G S must lie on the mirror line corresponding to s. Similar 
geometric restrictions of course also apply for bars of (G, p) that are fixed by 
various symmetry operations in S (see [H El US] for details). 

Theorem 3.2 JJJ [7P| / Let G be a graph, S be a symmetry group in dimension 
2, $ : S — > j4ii£(Cr) 6e a homomorphism, and (G,p) be an isostatic framework 
in &(g,s,<&) with the property that the points p(v), v G V(G), span all ofM. 2 . 
Then 

(i) the Laman conditions are satisfied; 

(ii) if S = C 2 , then j$(c 2 ) = an d ^*(c 2 ) = 1/ 
(Hi) ifS = C 3 , then j$ {C3 ) = 0; 

(iv) if S = C s , then 6$( s ) = 1; 

(v) if S = C2v, then j$(c 2 ) — and 6$(c 2 ) = &$( s ) = 1 for both reflections 
s G C 2v ; 

(vi) if S = C 3v , then j&(c 3 ) — and b$r s \ = 1 for all reflections s G C 3v ; 

(vii) S is either the trivial group C\ or one of the five non-trivial symmetry 
groups listed above. 

Examples of isostatic frameworks for each of the point groups listed in 
Theorem 13.21 are given in [U [TJ5] . 
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It was conjectured in [I] that the conditions identified in Theorem 13. 21 (ii) 
- (vi), together with the Laman conditions, are also sufficient for an (S, $)- 
generic realization of G to be isostatic. In the following, we verify this con- 
jecture for the symmetry group C3. In addition, we provide Henneberg-type 
and Crapo-type characterizations of (C3, $)-generically isostatic graphs. The 
techniques used in these proofs are extended in [TH] to prove the correspond- 
ing Laman-type conjectures for the groups C 2 and C s as well as analogous 
Henneberg-type and Crapo-type results for these groups. Characterizations 
of {C2V1 or (Cat,, <&)-generically isostatic graphs, however, have not yet 
been established (see again [19|). 

While, initially, the fact that C3 allows the easiest and most natural proof 
for the Laman-type conjecture (as well as for a symmetric version of Crapo's 
Theorem) came as somewhat of a surprise, we can now identify some clear 
indications for this. 

For example, Crapo's Theorem uses partitions of the edges of G into 
three edge-disjoint trees, so that it is most natural to extend this result to 
the cyclic group C 3 of order three. Moreover, the condition j$(c 3 ) — implies 
that for any subgraph H of G with full C3 symmetry we must have that both 
|V(iif)| and \E(H) \ are multiples of three, so that H cannot satisfy the count 
\E(H)\ = 2\V(H) \ - 4 or \E(H)\ = 2\V(H)\ - 5. As we will see, this turns 
out to be extremely useful in the proof of the Laman-type result for C 3 . 



4 Symmetric Henneberg moves and 3Tree2 
partitions for C3 

We need the following inductive construction techniques to obtain a sym- 
metrized Henneberg's Theorem for C 3 . 




/ o O N 

>'1 2 {V2) l 2 {Vl)\ '1 2 {V2) 7 2 K)\ 

1 \ 1 \ 

[ Q vi 7(^) ! => i^i 7(^2), : 



^2 7(^i) 



Figure 6: A (£3,$) vertex addition of a graph G, where $(6*3) = 7 and 
$(C|)= 7 2 . 
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Definition 4.1 Let G be a graph, C 3 = {Id, G3, Gf } be a symme- 
try group in dimension 2, and $ : C 3 — > Aut(G) be a homomor- 
phism. Let v\,v 2 be two distinct vertices of G and v,w,z 7(G). 
Then the graph G with 7(G) = 7(G) U {v,w,z} and £(G) = 
E{G) U {{v, {«, v 2 }, {w, $(G 3 )(«i)}, {«;, $(G 3 )(^ 2 )}, {2, $(Cf X^i)}, 
{z, $(Gf )(t> 2 )}} is called a (C 3 ,$) vertex addition (by (v,w,z)) of G. 



/Y(v 2 ) Q 7 (vi) \ 

7 2 (^ 3 ) 



o o 

^3 7(^3) 

v 2 7(t>i 






7>i)\ 




7 2 (^ 3 ) 

3 C 

^3 7(^3 

w 2 7(«i) 



7(^2 J 




Figure 7: ^4 (C 3 , $) edge sp/zi of a graph G, where $(G 3 



7 and $(Gf) = 7 2 . 



Definition 4.2 Let G be a graph, C 3 = {/d, G3, G|} be a symmetry 
group in dimension 2, and $ : C 3 — > Aut(G) be a homomorphism. 
Let fi,f2,f3 be three distinct vertices of G such that {vi,v 2 } G -E'(G) 
and not both of i>i and v 2 are fixed by §{Cz) and let v,w,z 7(G). 
Then the graph G with 7(G) = 7(G) U {v,w,z} and £(G) = 
(£(G) \ {{%,,; 2 },{$(G 3 )(,; 1 ),$(G3)(^)},{$(Gi)( % )^(G3 2 )(^)}} U 
= 1,2,3} U {{w,$(G 3 )K)}|i = 1,2,3} U 
{z,$(C$)(vi)}\i = 1,2,3} is called a (C 3 , $) edge sp/rf fori 

G. 



Definition 4.3 Let G be a graph, C 3 = {Id, G3, G|} be a symmetry group 
in dimension 2, and $ : C3 — ► Aut(G) be a homomorphism. Let v 
be a vertex of G that is not fixed by ^(Cs) and let v,w,z 7(G). 
Then the graph G with 7(G) = 7(G) U {v, iy, z) and £(G) = £(G) U 
{{v,w},{w,z},{z,v},{v,Vo},{w,^(C 3 )(v )},{z,^(Cl)(v )}} is called a 
(C 3 , $) A extension (by (v,w,z)) of G. 

Remark 4.1 Each of the constructions in Definitions 14.11 fl~2l and 14.31 has 

the property that if the graph G satisfies the Laman conditions, then so does 
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Figure 8: A (C3, $) A extension of a graph G, where $(6*3) = 7 and $(C|) = 
7 2 - 



G. This follows from Theorems 12.41 and 12.71 and the fact that we can obtain 
a (C3, $) vertex addition of G by a sequence of three vertex 2-additions, a 
(C3, $) edge split of G by a sequence of three edge 2-splits, and a (C3, $) A 
extension of G by a vertex 2-addition followed by two edge 2-splits. 

In order to extend Crapo's Theorem to C3 we need the following sym- 
metrized definition of a 3Tree2 partition. 

Definition 4.4 Let G be a graph, C3 = {Id, C3, Cf } be a symmetry group 
in dimension 2, and $ : C3 — > Aut(G) be a homomorphism. A (C3, $) 3Tree2 
partition of G is a 3Tree2 partition {E(T ), E(Ti), E(T 2 )} of G such that 
$(G 3 )(Tj) = T i+1 for i = 0,1, 2, where the indices are added modulo 3. 



7 2 (t») 7 2 (V) 




Figure 9: (C3, $) 3Tree2 partitions of graphs, where ^(C^) = 7 and $(G|) = 
7 2 - 
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5 The main result 



Theorem 5.1 Let G be a graph with \V(G)\ > 3, C 3 = { Id, G 3 , Gf} be a 
symmetry group in dimension 2, and $ : C3 — > Aut(G) be a homomorphism. 
The following are equivalent: 

(i) ffl(Gfiz,$) 7^ an d G is (Cs,^)-generically isostatic; 

(11) \E(G)\ = 2\V(G)\ - 3, \E(H)\ < 2\V(H)\ - 3 for all H C G with 
\V(H)\ > 2 (Laman conditions), and j$(c 3 ) — 0; 

fmj there exists a (C3, $) construction sequence 

(K 3 , $ ) = (Go, $ ), (d, $1), • • • , (G fc , $ fc ) = (G, $) 

sitc/i t/iat 

(a) Gj + i zs a (C3, $j) vertex addition, a (C3, $j) edge sp/ii, or a (C3, $j) 
A extension of Gj wn£/i V(Gj + i) = V(Gj) U {fj+i, itfi+i, ^i+i} / or 

i = 0, 1, . . . , k — 1; 

(b) $0 : C3 — > Au^-K^) zs a non-trivial homomorphism and for 
all i = 0, 1, . . . , k — 1, : C3 — > Aut(Gi + i) is the homo- 
morphism defined by <&i + i(x)\v(Gi) = f or all x E C3 and 
®i+i{C 3 )\{v i+1 ,w i+1 ,z i+1 } = {vi+iWi+iZi+i); 

(iv) G has a proper (C3, $) 3Tree2 partition. 

We break the proof of this result up into four Lemmas. 

Lemma 5.2 Let G be a graph with \V(G)\ > 3, C3 = {Id, C 3 ,C 3 } be a 
symmetry group in dimension 2, and $ : C3 — > v4u£(G) be a homomorphism. 
If &(G,Cz,<$>) 7^ ° nc ^ G (C 3 ,^)-generically isostatic, then G satisfies the 
Laman conditions and we have j<s><c 3 ) = 0. 

Proof. The result follows immediately from Laman's Theorem (Theorem 
E3D and Theorem El □ 

Lemma 5.3 Le£ G be a graph with \V(G)\ > 3, C3 = {/d, G3,Gf} fre a 
symmetry group in dimension 2, and $ : C3 — > v4u£(G) 6e a homomorphism. 
If G satisfies the Laman conditions and we also have j<s>(c 3 ) — 0, then there 
exists a (C 3 , $) construction sequence for G. 
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Proof. We employ induction on |V(G)|. Note first that if for a graph G, 
there exists a homomorphism $ : C 3 — > Aut(G) such that j$(c 3 ) = 0, then 
|V(G)| = (mod 3). The only graph with three vertices that satisfies the 
Laman conditions is the graph K 3 and if $ : C3 — > Aut(i£s) is a homomor- 
phism such that j<s>(c 3 ) = 0, then $ is clearly a non-trivial homomorphism. 
This proves the base case. 

So we let n > 3 and we assume that the result holds for all graphs with 
n or fewer than n vertices. 

Let G be a graph with |V(G)| = n + 3 that satisfies the Laman condi- 
tions and suppose jVc 3 ) = for a homomorphism $ : C 3 — > Aut(G). In the 
following, we denote $(G 3 ) by 7 and $(Gf ) by 7 2 . 

Since G satisfies the Laman conditions, it is easy to verify that G has a 
vertex of valence 2 or 3 (see [HI El EE], for example). 

We assume first that G has a vertex v of valence 2, say Nq{v) = {v 1, t^}. 
Note that f, 7(f) and 7 2 (t>) are three distinct vertices of G, because j 1 = 0. 
Suppose two of these vertices are adjacent, wlog {v,j(v)} G E{G). Then 
{7 (w),7»},{ 7 2 (*;),*;} G £(G), because 7 G Aut(G). Let G' = G - 
{v , 7(f ), 7 2 (f )}. Then 

|£(G')| = |£(G)| - 3 = 2|V(G)| - 6 = 2\V(G% 

Since |V(G)| > 6, we have |V(G')| > 3, and hence G' violates the Laman 
conditions, a contradiction. 

Therefore, {v, 7(f), l 2 {v)} is an independent subset of V(G), which says 
that the six edges {v, Vi}, {j(v), 7(fj)}, {~7 2 (t>), 7 2 (t>j)}, i — 1,2, are all pair- 
wise distinct. Thus, 

|£(G')| = \E(G)\ - 6 = 2|V(G)| - 9 = 2|V(G')| - 3. 

Also, for HQG' with \V(H)\ > 2, we have H C G, and hence 

|£(#)|<2|V(tf)|-3. 

Therefore, G' satisfies the Laman conditions. 

Let $' : C3 — > Aut(G') be the homomorphism with $'(x) = ^(x)\v(G') f° r 
all a; G C 3 . Then we have j&rc 3 ) — 0, and hence, by the induction hypothesis, 
there exists a sequence 

(K 3 , $ ) = (Go, $ ), (G x , $0, . . . , (G fc , $ fe ) = (G\ $') 

satisfying the conditions in Theorem 15.11 (m). Since G is a (£3,$') vertex 
addition of G' with = V(G') U {«, 7(f), 7 2 (v)}, 

(K 3 , $ ) = (Go, $0), (G 1; $!),..., (G', $'), (G, $) 
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is a sequence with the desired properties. 

Suppose now that G has a vertex v of valence 3, say N G (v) = {v 1 , i* 2 , v 3 }, 
and no vertex of valence 2. Note that v,j(v) and 7 2 (i*) are again three 
distinct vertices of G, as are Vi,j(vi) and 7 2 (i*j) for each i = 1,2,3, because 
jry = 0. We need to consider the following three cases (see also Figure [TOi) : 

Case 1: {v, 7(f), 7 2 (i* )} is an independent subset of V(G) and all three 
of these vertices share a common neighbor, say wlog v±. Since 
7 G Aut(G), this says that each of v, 7(f) and 7 2 (f ) has the same 
neighbors, namely v 1, 7(1*1) and 7 2 (i*i). 

Case 2: {v, 7(1) ), 7 2 (i> )} is an independent subset of V(G) and there is no 
vertex in G that is adjacent to all three of these vertices. 

Case 3: {v, 7(1*), 7 2 (i*)} is not independent in G and hence 

{v, 7 («)}, {7(1;), 7 2 (^)}, {7 2 (^),^} e S(G). 




Figure 10: // a graph G satisfies the conditions in Theorem \5.1\ (ii) and has 
a vertex v of valence 3, then G is a graph of one of the types depicted above. 

Case 1: By Theorems 12.41 and 12.61 there exists a pair {a, b} of vertices in 
{vi, 7(1*1), 7 2 (i>i)} such that G— {i*}+{{a, 6}} satisfies the Laman conditions. 
By the same argument, applied two more times, it follows that the graph 
G = G - {{f,7(f),7 2 (f)}| + {K,7(«i)},{7K),7 2 K)},{7 2 K)^i}} also 
satisfies the Laman conditions. 

Further, if we define $ by $(x) = &(x)\ v ,q\ for all x G C3, then $(x) G 

Aut(Cr) for all x G C3 and $ : C3 — > Aut(G) is a homomorphism. Since we 
clearly also have j$rc 3 ) = ^> ^ f°H° ws from the induction hypothesis that 
there exists a sequence 

(K 3 , $ ) = (Go, $0), (Gi, $1), . . . , (G k , $ fc ) = (G, $) 
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satisfying the conditions in Theorem 15. II (Hi). Since G is a (£3,$) edge split 
of G with V{G) = V(G) U {v, 7(1;), 7 2 (^)}, 

(*T 3 , $0) = (Go, $0), (C?i, $1), . . . , (G, $), (G, $) 

is a sequence with the desired properties. 

Case 2: By Theorems O and EH there exists {i 2 ,ja} C {1,2,3} 
such that G 2 = G - {7 2 (v)} + {{7 2 

( u »a)>7 2 ( u j!i)}} satisfies the Laman 
conditions. By the same argument, there exist {ii,ji} C {1,2,3} and 
Oo,io} ^ {1,2,3} such that both G X = G 2 - {j(v)} + {{7(^1), l{v jx )}} and 
G = G\ — {f} + {{vi , v j }} also satisfy the Laman conditions. We assume 
wlog that {io,jo} = {1,2}. Then for every subgraph H of Go — {{^1,^2}} 
with vi,V2 G V(H) we have \E(H)\ < 2\V(H)\ —4. Moreover, for every 
subgraph H of G' = G — {v, j(v ), 7 2 (f)} with vi,v 2 G V(i?) we also have 
1^(^)1 < 2\V(H)\ - 4, because G' is obtained from G - {{vi,v 2 }} by 
deleting the edges {j(v jj, 7(^1)} and {7 2 (fj 2 ), 7 2 (fj 2 )} (see also Figure ITTT) . 




Figure 11: The graphs G, Gq and G' in Case 2 of the proof of Lemma \5.3[ 

Since G' is invariant under 7, every subgraph H of G' with 7(1*1), 7(1*2) G 
V(H) or 7 2 K),7 2 (i;2) G V(#) also satisfies < 2|V(fl")| -4. Note 

that {17, v 2 }, {7(1*1), 7(1*2)} and {l 2 (vi),j 2 (v 2 )} are three distinct pairs of 
vertices (though not edges, by the above counts) of G, as the following argu- 
ment shows. 

Suppose {1*1,1*2} = {7(^1), 7(^2)}- Then Vi = 7(1*2) and v 2 = 7(1*1), be- 
cause G satisfies j 7 = 0. Therefore, 7(1*1) = 7 2 (i*2), and hence v 2 = 7 2 (i>2), 
contradicting j 7 = 0. Similarly, {7(1*1), 7(1*2)} 7^ {j 2 ( v i)iJ 2 ( v 2)} and 

We claim that G = G' + {{^i, ^2}, {7(^1), 7(^2)}, {7 2 (^i), 7 2 (^)}} satis- 
fies the Laman conditions. We clearly have 

|£(G)| = \E(G')\ + 3 = |£(G)| - 6 = 2|V(G)| - 9 = 2\V(G)\ - 3. 

Suppose there exists a subgraph H of G' with t*i, v 2 , 7(1*1), 7(1*2) G V(fT) 
and |£(#)| = 2|V(#)| - 4. Then there also exists j(H) C G' with 
7(^1), 7(^2), 7 2 (^i),7 2 (^ 2 ) G V( T (ff)) and l^(7(^))l = 21^(7(^)1-4, as 
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well as 7 2 (#) C G' with 7 2 (^), 7 2 (v 2 ), v u v 2 G V(-f 2 (H)) and \E(-f 2 (H))\ = 
2\V(-f 2 (H)) | -4, because G' is invariant under 7. Let H' = H\Jj(H). Then 

= \E(H)\ + \E^(H))\-\E(HD^(H))\ 

> 2\V(H)\-A + 2\V(-f(H))\-A-(2\V(Hnj(H))\-A) 
= 2\V(H')\-A, 

because H fl i(H) is a subgraph of G" with 7(i>i), 7(1*2) £ V(H (~) ^y(H)). 
Since H' is also a subgraph of G' with 7(1*1), 7(1*2) £ V(H'), it follows that 

|S(^)| = 2|V(ff')|-4. 
Similarly, it can be shown that H" — H' U 7 2 (i?) satisfies 

|£(#")| = 2|y(#")| -4, 

because if' fl 7 2 (if) is a subgraph of G" with vi,v 2 G ^(ii 7 fl ^ 2 (H)). How- 
ever, if" is invariant under 7 and satisfies J^i^,,., = 0, so that \V(H")\ = 
(mod 3) and | £'(//'") | = (mod 3), contradicting the count \E(H")\ = 
2\V{H")\ -4. 

Therefore, every subgraph H of G' with t> 1 , v 2 , 7(17), 7(1*2) G V(H), 
l(vi), 7(^2), 7 2 (^i),7 2 (^2) G V(fZ"), or 7 2 (^i),7 2 (^2),^i,W2 G V(if) satisfies 
|£(#)| < 2|y(//)| -5. 

It is now only left to show that for every subgraph H of G' with 
vi,v 2 , 7(17), 7(^2), 7>i),7 2 (^) G V(if), we have |£(if)| < 2|y(#)| - 
6. Suppose to the contrary that there exists a subgraph H of G' with 
vi,v 2 , 7(^1), 7(^2), 7>i),7> 2 ) G and |£(#)| = 2|V(if)| - 5. Then 

there also exist j(H) C G' and 7 2 (if) C G' with the same properties, because 
G' is invariant under 7. Let H' = H U 'y(H). Then 

|£(#')l = l^)l + l^(7(^))|-|^(^n 7 (^))| 

> 2\V{H)\-5 + 2\V( 1 {H))\-5-(2\V(Hn 1 {H))\-5) 
= 2\V(H')\-5, 

because Hf] 7 (H) is a subgraph of G' with 17, i> 2 , 7(17), 7(1*2) G V(ifri7(if)). 
Since if' is also a subgraph of G' with t> 1? t> 2 , 7(17), 7(1*2) G V(if'), it follows 
that 

\E(H')\ = 2\V{H')\ -5. 
Similarly, it can be shown that H" — H' U 7 2 (i?) satisfies 

|£(tf'')l = 2|y(#'')l-5, 
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because H' fl -f 2 (H) is a subgraph of G' with v±, v 2 , j{vi), 7(^2) £ V(//"' PI 
7 2 (if)). However, if" is invariant under 7 and we have jj\ v(Hll) = 0, so that 
\V(H")\ = (mod 3) and \E(H")\ = (mod 3), contradicting the count 
\E{H")\ =2\V(H")\-h. 

Thus, G = G' + {{vi,v 2 }, {7(^1), 7(^2)}, {l 2 ( v i),l 2 ( v 2)}} indeed satisfies 
the Laman conditions. 

Further, if we define $ by $(x) = for all x G C3, then G 

Aut(G) for all x G C3 and $ : C3 — * Aut(G) is a homomorphism. Since 
we also have j$( Ca \ = 0, it follows from the induction hypothesis that there 
exists a sequence 

(K 3 , $ ) = (Go, $ ), (Gx, $1), . . . , (G fc , $ fc ) = (G, $) 

satisfying the conditions in Theorem 15.11 (Hi). Since G is a (C3, $) edge split 
of G with V(G) = V(G) U {w, 7 (w),7 2 (t;)}, 

(# 3 , $ ) = (Go, $0), (G 1; . . . , (G, $), (G, $) 

is a sequence with the desired properties. 

Case 3: Note that G' = G — {t> , 7(1; ), 7 2 (t>)} satisfies 

|£(G')| = \E(G)\ - 6 = 2|F(G)| - 9 = 2|V(G')| - 3. 

Also, for H CG' with \V(H)\ > 2, we have H C G, and hence 

<2|V(JT)|-3, 

so that G' satisfies the Laman conditions. 

If we define $' by $'(x) = $(x)|y( G /) for all x G C 3 , then $'(x) G Aut(G') 
for all x G C3 and $' : C3 — > Aut(G') is a homomorphism. Since we also 
have j<s>>(c 3 ) = 0, it follows from the induction hypothesis that there exists a 
sequence 

(K 3 , $0) = (G , $0), (G 1; $0, . . . , (G fc , $ fe ) = (G\ $') 

satisfying the conditions in Theorem 15.11 (Hi). Since G is a (C3, A exten- 
sion of G' with V(G) = V(G') U {v^(v)^ 2 (v)}, 

(K 3 , $ ) = (Go, $0), (G X) $!),..., (G', $'), (G, $) 

is a sequence with the desired properties. □ 
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Lemma 5.4 Let G be a graph with \V(G)\ > 3, C 3 = {Id, C 3 ,C 3 } be a 
symmetry group in dimension 2, and $ : C 3 — > Aut{G) be a homomorphism. 
If there exists a (£3,$) construction sequence for G, then G has a proper 
(C 3 , $) 3Tree2 partition. 

Proof. We proceed by induction on | V(G) |. Let V(K 3 ) = {v\,v 2 ,v 3 } 
and wlog let $ : C 3 — > Aut(i^3) be the homomorphism defined by 
$(£3) = (V1V2V3). Then K 3 has the proper (C3, $) 3Tree2 partition 
{^(To),^),^)}, where T = ({v u v 2 }), T x = ({v 2 ,v 3 }) and T 2 = 

({«3,Ul})- 

Assume, then, that the result holds for all graphs with n or fewer than n 
vertices, where n > 3. 

Let G be a graph with \V(G)\ = n + 3 and let $ : C 3 -> Aut(G) be a 
homomorphism such that there exists a (C 3 , $) construction sequence 

(K 3 , $0) = (Go, $0), (Gi, $1), . . . , (G k , $ fc ) = (G, $) 

satisfying the conditions in Theorem 15.11 (in). By Remark 14.11 G satisfies 
the Laman conditions, and hence, by Remark I2.1[ any 3Tree2 partition of 
G must be proper. Therefore, it suffices to show that G has some (C 3 , $) 
3Tree2 partition. We let $(C 3 ) = 7 and $(Cf) = 7 2 . 

By the induction hypothesis, Gk-i has a (C 3 , 3Tree2 partition 

{E^'^tE^'^tE^'V)}. In the following, we compute the in- 
dices i of the trees T> k l ' modulo 3. 

Suppose first that G is a (C 3 , $fc-i) vertex addition by (v w z) of with 
N G (v) = {vi, v 2 }, where w = 7(1;) and z = 7 2 (w). Since <& fe _i(C 3 ) = 7|v(G fc _ 1 ) 
we have N G (w) = {7(17), 7(^2)} and N G (z) = {^ 2 (vi), ^ 2 {v 2 )}. Note that 
both V\ and v 2 belong to exactly two of the trees . Therefore, there 

exists I G {0,1,2} such that v x G V(T l [k ~ 1) ) and v 2 G V(T^ 1] ). It follows 
that 7 (%) G ^T^), 7 2 K),7(^ 2 ) G ^(T^) and 7 > 2 ) G Vpf" 1 '). 
So, if we define Tj to be the tree with 

V(T/ fc) ) = ^(Tf->{ V } 

E(T ( fc)) = E{ T(^ u{{vMdz ^ {v2)}}7 

to be the tree with 
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and to be the tree with 



E{Tl%) = EiT^U^wMvi)},^ 2 ^)}}, 
then {£(T (fc) ),£(T 1 (fc) ),£(7 , 2 (fc) )} is a (C 3 ,$) 3Tree2 partition of G. 




/7 2 (°) 7>i)\ /T 2 ^) 7>i)\ 

' \ ' \ 

[ Q v i 1^ 2 ) Q \ => [ vi l(v 2 ) ' 

'' ' ~ ' '' ' ^ 





ID 



Figure 12: Construction of a (C 3 , $) 3 Tree2 partition of G in the case where 
G is a (C 3 ,$fc_i) vertex addition ofGk-i- 

Suppose next that G is a (C 3 ,$fc_i) edge split on 
({vi,v 2 }, {7(^1), 7(^2)}, {7 2 (^i),7 2 (^2)}); (v,w,z) of G k -i with £7(G fc ) = 
(^(G fc -i) \ {{vuv 2 },{l(v 1 ),i(v2)},{l 2 (v 1 ), 1 \v 2 )}}) U = 
1,2,3} U {{w, 1 (v i )}\t = 1,2,3} U {{z, 1 2 (v l )}\t = 1,2,3}, where w = 7 (u) 

and z = 7 2 (f). Wlog we may assume that {f 1,1*2} G E^T^ -1 ^). Then 
{7(^1), 7(^2)} G ^if" 1 *) and { 7 2 K),7 2 (^)} G ^if" 1 *). Note that 
t> 3 belongs to a tree T/ fc-1 \ where / 7^ 0. Suppose t> 3 G Tf fe_1 \ Then 
7(u 3 ) G T 2 (fc_1) and 7 2 (v 3 ) G T (fc ~ 1} . So, if we define T (fc) to be the tree with 

= l/(Tf->{ V } 
£(T W ) = {E(Tt 1) )\{vuv 2 })u{{v,v 1 },{v,V2},{z,l 2 (v,)}}, 

to be the tree with 

V(Tf k) ) = ^(r^U {«;,«} 

U{{w, 7(ui)}, {u>, 7(^2)}, {«, v 3 }}, 



and T 2 to be the tree with 



(fc) 

V(Ti k) ) = V(Tt 1] )u{zM 



u{{z, 1 2 (v 1 )},{z, 1 2 (v 2 )},{w, 1 (v 3 )}}, 
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7>s) 7 ( U2 y; 

O O P; 

^3 7(u 3 ) / / 

w 2 7 (v 1 )d / 




7 2 (^ 3 ) 7 ( U2 ); 
o o Q 




' ^3 7(^3j 

w 2 7(ui )<>,'- 



Figure 13: Construction of a (C 3 , $) 3 Tree2 partition of G in the case where 
G is a (C3,&k-i) edge split of Gk-i- 

then {E(T^ k) ),E(Ti k) ),E(T^ k) )} is a (C 3 ,$) 3Tree2 partition of G. If u 3 G 
if-^then we obtain a (C 3 , $) 3Tree2 partition of G in an analogous manner. 

Finally, suppose that G is a (C 3 , $fc-i) A extension by (t> w z) of G^-i with 
E(G) = E(G k ^) U {{v,w},{w,z},{z,v},{v,v },{w^(v )},{z,-f 2 (v )}}, 

where w = 7(f) and z = 7 2 (f). Wlog we may assume that Vq G V^Tq^ 1 - > ). 

Then 7 (u ) G ^(7f _1) ) and 7 2 (w ) G ^(if So, if we define T W to be 




Figure 14: Construction of a (C 3 , <3>) 3 Tree2 partition of G in the case where 
G is a (C 3 ,$fc_i) A extension of G^-i- 

the tree with 

V(T (fc) ) = V(T M )UK«,} 

E(T (fc) ) = £(Tf->{{ ¥0 },{^}}, 
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Tf to be the tree with 

V{T[ k) ) = V(T[ h - l) )l){w,z} 

E{T[ k) ) = B^XKtWLKz}}, 

and to be the tree with 

V(T^) = V(Tt l) )u{v,z} 

E(TP) = E(Tt 1] )u{{z,l 2 (v )},{z,v}}, 

then {E(T^ k) ),E(T} k) ),E(T^ k) )} is a (C 3 ,$) 3Tree2 partition of G. □ 

In order to show that (iv) implies (i) in Theorem 15 .11 we use an approach 
that is in the style of Tay's proof (see [21]) of Crapo's original result. This 
requires the notion of a 'frame', i.e., a generalized notion of a framework 
that allows joints to be located at the same point in space, even if their 
corresponding vertices are adjacent. 



Definition 5.1 [23] Let G be a graph with V(G) = {v i, t>2, . . . , v n }. A frame 
in R 2 is a triple (G,p,q), where p : V(G) -> R 2 and g : -> R 2 \ {0} 

are maps with the property that for all {vi,Vj} G E(G) there exists a scalar 
Xij G R (which is possibly zero) such that p(vi) — p(vj) = Xijq({vi,Vj}). 



Definition 5.2 The generalized rigidity matrix of a frame (G,p,q) in R 2 is 
the matrix 



R(G,p,q) 



( 



\ 



q{{v, nVj }) ... -q{{v u Vj}) 



/ 



i.e., for each edge {vi,Vj} G E(G), H(G,p,q) has the row with (q({vi,Vj})) 1 
and (g({fi, v j})) 2 in the columns 2i — 1 and 2i, — (g({fj, ' u j})) 1 and 
— (g({fi, fj})) 2 in the columns 2(j — 1) and 2j, and elsewhere. 

We say that (G, p, q) is independent if R(G, p, g) has linearly independent 



rows. 



Remark 5.1 If (G,p,q) is a frame with the property that p{vj) ^ p{vj) 
whenever {vi,Vj} G E(G), then we obtain the rigidity matrix of the frame- 
work (G, p) by multiplying each row of R(G, p, q) by its corresponding scalar 
Xij. Therefore, if (G,p,q) is independent, so is (G,p). 
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Lemma 5.5 Let G be a graph with \V(G)\ > 3, C 3 = {Id, C 3 ,C 2 } be a 
symmetry group in dimension 2, and $ : C 3 — > Aut{G) be a homomorphism. 
If G has a proper (C 3 , $) 3Tree2 partition, then &(g,c 3 ,<s>) 7^ and G is 
(C3, <&)-generically isostatic. 

Proof. Suppose G has a proper (C 3 , $) 3Tree2 partition 
{E(Tq), E(Ti), E(T2)}. By Theorem 13.11 it suffices to find some framework 
(G,p) G &(g,c 3 ,<3>) that is isostatic. Since G has a 3Tree2 partition, G satisfies 
the count | | = 2|V((j)| — 3 (see Remark l2.ip . and hence, by Theorem 
12.21 it suffices to find a map p : V(G) — > M. 2 such that (G,p) G &(G,c 3 ,<f>) is 
independent. In the following, we again denote $(C 3 ) by 7 and $(C|) by ■y 2 . 

Let e = (0, 0), e 1 = (1, 0), and e 2 = (§, Also, for i = 0, 1, 2, let be 
the set of vertices of G that are not in V{Ti), and let (G,p,q) be the frame 
with p : V(G) -> M 2 and g : -> M 2 defined by 



if & G E(T ) 
if 6 G -E(Ti) 
if b G £(T 2 ) 




e T 2 e i 



Figure 15: The frame (G,p,q). 

We claim that the generalized rigidity matrix R(G, p, g) has linearly in- 
dependent rows. To see this, we first rearrange the columns of R(G, p, q) in 
such a way that we obtain the matrix H'(G,p,q) which has the (2i — l) s * 
column of H(G,p, q) in its i th column and the (2i) th column of H(G,p, q) in 
its (|V(G)| +i) th column for i — 1, 2, . . . , |V(G)|. Let F b denote the row vec- 
tor of H'(G,p, q) that corresponds to the edge b G E(G). We then rearrange 
the rows of H'(G,p,q) in such a way that we obtain the matrix H"(G,p,q) 
which has the vectors F b with b G E(T ) in the rows 1,2, ... , \E(T )\, the 
vectors Fb with b G E(T\) in the following |i*7(Ti)| rows, and the vectors F b 
with b G E{T 2 ) in the last |_E , (T 2 )| rows. So H"(G,p, q) is a matrix of the 



p(y) 
q(b) 



e,- if f G V,- 




v 2' 2 / 

'_! _vj^ 

v 2' 2 / 

:i,o) 
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form 



1 1 

2 2 

1 1 

2 2 


V3 \ 
2 2 

2 2 


1 1 

2 2 

1 1 

2 2 


2 2 

2 2 


1 -1 

1 -1 




/ 



Clearly, H(G,p,q) has a row dependency if and only if H"(G,p, q) does. 
Suppose ~R."(G,p, q) has a row dependency of the form 

£ a bF b = 0, 

b£E(G) 

where a b ^ for some 6 G E(T 2 ). Then, since T 2 is a tree, we have 

J] a b F b ^0. 

beE(T 2 ) 

Thus, there exists a vertex t> s G ^(T 2 ), s e {1,2,..., such that 

£ « 6 (F 6 ) s = C^0. 
&e£(T 2 ) 

Since t> s G ^(T 2 ), t> s belongs to either T or Ti, say wlog v s G V(Ti) and 
w s i V(T ). Therefore, (F b ) s = and (F b ) lv(G)l+s = for all b G £(T ) and 

feeB(Ti) 

This says that 

£ a fe (F 6 )|y (G) | +s = £ a&(-F&)|v(G)|+ s = -v^C 7^ 0, 
b6B(Ti) b£E(G) 

a contradiction. Therefore, if X^e£(G) a &-^> = is a row dependency of 
R"(G,p, g), then a b = for all 6 G £(T 2 ). 
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So, it is now only left to show that the matrix R(G, p, q) which is obtained 
from H"(G,p, q) by deleting those rows of H"(G,p, q) that correspond to the 
edges of T 2 has linearly independent rows. This can be done by multiplying 
R(G,p, q) by appropriate matrices of basis transformations and then using 
arguments analogous to those above. So, as claimed, the frame (G,p,q) is 
independent. 

Now, if (G,p) is not a framework, then we need to symmetrically pull 
apart those joints of (G,p, q) that have the same location e« in IR 2 and whose 
vertices are adjacent. So, wlog suppose | Vo j > 2. Then we also have |Vo| = 
| Vl| = \V 2 \ > 2, because {E(T ), E(T{), E(T 2 )} is a (C 3 , $) 3Tree2 partition 
of G. Since {E(T ), E(Ti), E(T 2 )} is proper, one of (Vo) H Tj, i — 1,2, say 
wlog (Vo) nT 2 , is not connected, and hence (Vi) flT and (V 2 ) HTi are also not 
connected. Let A be the set of vertices in one of the components of (V ) flT 2 
and 7(A) and 7 2 (A) be the vertex sets of the corresponding components of 
(Vl) n T and (V 2 ) n T u respectively. For t G K, we define p t :V{G) ^ IR 2 
and q t : E(G) — > M 2 by 



it 



Pt(u) = 



- 2 ' 2 

;i + to) 



^0 



if t> G A 
if f G 7(A) 

(i(l_0,f (1 + 0) if^e 7 2 (A) 

otherwise 



(I 



( 



2 t 2 t) 

1 + |t ft) 

_I - t &) 

9 ' 2 ' 



1 

(-1(1-0,-^(1 + 0) if&eK 



t. 



2 



1 + *)) 



if 6 G i?4,Vi\7(A) 
if 6 G £U,7(A) 

if 6 G £^(,4)^2^2 ( A ) 
if 6 G £ , 7 (a), 7 2(a) 



1 

'2' 



9(6) 



7 2 (A),vbV4 

if 6 G £ 7 2(A),A 

otherwise 



where for disjoint sets X, Y G V(Cr), £x,y denotes the set of edges of G 
incident with a vertex in X and a vertex in Y. Then (G,p t ,q t ) = (G,p,q) 
if t = 0. Now, if we let t' be an indeterminate, then the rows of (G,p t /,q t /) 
are linearly dependent (over the quotient field of IR[t]) if and only if the 
determinants of all |£(G)| x |.E(Gr)| submatrices of (G,pt>,qt>) are identically 
zero. These determinants are polynomials in t'. Thus, the set of all t G K 
with the property that TL(G,p t ,q t ) has a non-trivial row dependency is a 
variety F whose complement, if non-empty, is a dense open set. Since t — 
is in the complement of F we can conclude that for almost all t, (G,p t , q t ) is 
independent. Therefore, there exists a to G R, to ^ 0, such that the frame 
(G,pt , qt ) is independent. This process can be continued until we obtain an 
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Figure 16: The frame (G,p t ,qt)- 



independent frame (G,p,q) with p(u) ^ p{v) for all {u,v} G E{G). Then, 
by Remark 1 5. 11 (G,p) is an independent framework and the right translation 
of (G,p) yields an independent framework in the set ^(g,c 3 ,<s>)- D 

Lemmas 15.21 15.31 15.41 and 15.51 provide a complete proof for Theorem 15.11 

As shown in [19] , there also exists a direct geometric proof for the fact that 
condition (Hi) implies condition (i) in Theorem 15. 11 i.e., that the existence of 
a (C3, $) construction sequence for G implies that &(g,c 3 ,$) $ an d that G is 
(C 3 , $)-generically isostatic. By generalizing the basic geometric techniques 
used in this proof, we can construct classes of (S, $)-generically isostatic 
graphs for a variety of symmetry groups 5*. These techniques also allow us 
to prove (or at least conjecture) characterizations of (S, $)-generically iso- 
static graphs in situations where symmetric tree partitions are too complex. 
Moreover, they provide significant results for (5*, $)-generically independent 
graphs. 

An immediate consequence of the symmetrized Laman's Theorems for C3, 
C 2 , and C s (and the analogous conjectures for C 2v and C 3v ) is that there is 
(would be) a polynomial time algorithm to determine whether a given graph 
G is (5*, $)-generically isostatic. In fact, although the Laman conditions in- 
volve an exponential number of subgraphs of G, there are several algorithms 
that determine whether they hold in clV^G)! |-E(G)| steps, where c is a con- 
stant. The pebble game ([12]) is an example for such an algorithm. The ad- 
ditional symmetry conditions for the number of fixed structural components 
can trivially be checked in constant time, from the graph automorphisms. 
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6 Further work 



6.1 Pinned frameworks 

In mechanical and structural engineering, one is often interested in the 
rigidity and flexibility properties of pinned frameworks, i.e., frameworks that 
have some of their joints firmly anchored ('pinned') to the ground (see, for 
example, 0, [ZH [22]). Using the techniques presented in [U [SI EH], it is 
straightforward to show that an isostatic symmetric pinned framework (G,p) 
must again satisfy some very simply stated restrictions on the number of 
(unpinned) joints and bars of (G,p) that are fixed by various symmetry op- 
erations of (G,p). While there are only six possible point groups that allow 
isostatic frameworks in the plane, it turns out that an isostatic pinned frame- 
work can be constructed for any point group in dimension 2. 

We conjecture that the standard Laman-type conditions for a pinned 
graph G (see [2T], for example), together with the additional necessary con- 
ditions concerning the number of fixed joints and bars, are also sufficient 
for pinned 2-dimensional realizations of G which are as generic as possible 
subject to the given symmetry constraints to be isostatic. 

In particular, for the symmetry groups C2, C3, and C s in dimension 2, we 
claim that the techniques of this paper extend directly to proofs of the cor- 
responding symmetric versions of Laman's Theorem for pinned frameworks. 

6.2 Frameworks in dimension d > 2 

A combinatorial characterization of generically d-isostatic graphs in di- 
mension d > 2 has not yet been found [U El [32]. Recall from Section 12.31 
however, that there are a number of inductive construction techniques which 
are known to preserve the generic rigidity properties of a graph (see also 

mm). 

It is shown in [T5] that, unlike in dimension 2, symmetry in dimension 
d > 2 induces extra conditions for a graph G to be (S, $) -generically isostatic 
beyond those of 

(a) G being generically <i-isostatic and 

(b) the symmetry conditions derived in [I] concerning the number of fixed 
structural components of G (and of all symmetric subgraphs H of G 
with the full count \E{H)\ = d\V(H)\ - ( d + 1 )). 



31 



We conjecture that 'flatness' caused by symmetry is the only additional con- 
cern, and that it can be made into a finite set of added combinatorial condi- 
tions, for each symmetry group. See [U HHJ [20] for further details. 

6.3 Body-bar and body-hinge structures 

Faced with the difficulties of characterizing generically rigid graphs in di- 
mension d > 2, in contrast with the well developed theory in the plane, there 
has recently been a careful study of a special class of frameworks, the class of 
body-bar frameworks. These structures have a basically complete combina- 
torial theory which exhibits all the key theorems and algorithms of the well 
understood plane frameworks (see, for example, [23~ t [271 [30] ). 

For a body-bar framework (G,p) that possesses non-trivial symmetries, 
joint work with S. Guest and W. Whiteley shows that in addition to the con- 
ditions in Tay's Theorem (see [23J), there exist further necessary conditions 
for (G,p) to be isostatic (TO]- These can be formulated as restrictions on the 
number of bars and bodies that are fixed by various symmetry operations of 
(G,p). While these extra conditions are analogous to the ones derived for bar 
and joint frameworks, the modified context holds the promise of converting 
them into necessary and sufficient conditions for an arbitrary- dimensional 
body-bar realization of G to be isostatic, provided that this realization is 
as generic as possible subject to the given symmetry constraints. These 
conjectures, as well as various additional conjectures concerning combinato- 
rial characterizations of <i-dimensional symmetric body-bar frameworks, are 
stated in [ID] . 

For the groups C2, C3, and C s in dimension 2, these conjectures can readily 
be proven by modeling a symmetric body-bar framework as a framework (in 
the sense of Definition 12. 1 p with isostatic bar and joint bodies of required 
symmetry, and then applying the results of this paper. 

An interesting special class of body-bar frameworks with some impor- 
tant applications in rigidity theory is the class of body-hinge frameworks 
[2TH EH1 EE E2] • It is shown in [2D] that body-hinge realizations of a multi- 
graph G with generic hinge assignments are infinitesimally rigid if and only 
if body-bar realizations of G with generic positions for the end-points of the 
bars are infinitesimally rigid. So, body-hinge frameworks have the same ef- 
ficient algorithms for testing generic rigidity as body-bar frameworks [31]. 
Moreover, the Molecular Conjecture posed by T.-S. Tay and W. Whiteley 
in 1984 proposes that the even more special class of body-bar frameworks 
that arise in the models of molecular kinematics (i.e., the class of body-hinge 
frameworks that have all hinges of each body concurrent in a point) also 
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have the same good combinatorial theory as general body-bar frameworks 
[2HI ED], so that, under generic conditions, the efficient counting algorithms 
for body-bar frameworks also apply to molecular body-hinge frameworks. 

Given certain symmetry constraints, we conjecture that, analogously to 
the non-symmetric situation, the results and conjectures in [10] concerning 
symmetric-generic body-bar frameworks also translate directly to symmetric- 
generic body-hinge frameworks. We further conjecture that a symmetric ver- 
sion of the Molecular Conjecture holds, i.e., that under symmetric-generic 
conditions, body-bar frameworks and molecular frameworks also possess the 
same rigidity properties. 

We note that a number of biomolecules possess rotational symmetry, in- 
cluding a number of virus shells which exhibit the symmetry of the rotational 
icosahedral group. The potential for such applications, as well as for under- 
standing human-built structures which are designed to have symmetry, is a 
further motivation for giving explicit results for symmetric body-bar, body- 
hinge, and molecular structures. 

Acknowledgements 

We would like to thank Walter Whiteley for numerous interesting and 
helpful discussions. 

References 

[1] S.L. Altmann and P. Herzig, Point-Group Theory Tables, Clarendon 
Press, Oxford, 1994. 

[2] L. Asimov and B. Roth, The Rigidity Of Graphs, AMS, Vol. 245 (1978), 
279-289. 

[3] D.M. Bishop, Group Theory and Chemistry, Clarendon Press, Oxford, 
1973. 

[4] R. Connelly, PW. Fowler, S.D. Guest, B. Schulze and W.J. White- 
ley, When is a symmetric pin-jointed framework isostatic?, International 
Journal of Solids and Structures 46 (2009), 762-773. 

[5] H. Crapo, On the generic rigidity of structures in the plane , Inst. nat. 
rech. en informatique at automatique (INRIA) 1143, 1989. 



33 



P.W. Fowler and S.D. Guest, A symmetry extension of Maxwell's rule 
for rigidity of frames, International Journal of Solids and Structures 37 
(2000), 1793-1804. 

H. Gluck, Almost all simply connected closed surfaces are rigid, Geo- 
metric topology (Pro. Conf., Park City, Utah, 1974), 225-239, Lecture 
Notes in Math., Vol.438, Springer Verlag, 1975. 

J. Graver, Counting on Frameworks, Mathematical Association of Amer- 
ica, 2001. 

J. Graver, B. Servatius and H. Servatius, Combinatorial Rigidity, Grad- 
uate Studies in Mathematics, AMS, Providence, 1993. 

S.D. Guest, B. Schulze and W.J. Whiteley, When is a symmetric body- 
bar structure isostatic?, in preparation. 

L.H. Hall, Group Theory and Symmetry in Chemistry, McGraw-Hill, 
Inc., 1969. 

B. Hendrickson and D. Jacobs, An algorithm for two dimensional rigidity 
percolation: The pebble game, J. Comput. Phys., 137 (1997), 346-365. 

L. Henneberg, Die Graphische Statik der Starren Systeme, Leipzig, 1911, 
Johnson Reprint 1968. 

G. Laman, On graphs and rigidity of plane skeletal structures, J. Engrg. 
Math. 4 (1970), 331-340. 

L.C. Lomeli, L. Moshe and W. Whiteley, Bases and Circuits for 2- 
Rigidity: Constructions via Tree Partitions, technical report, York Uni- 
versity, http: / /www.math.yorku.ca/Who/Faculty/Whiteley/menu.html| 

L. Lovasz, Y. Yemini, On generic rigidity in the plane, SIAM J. Alg. 
Disc. Methods 3 (1982), 91-98. 

B. Schulze, Injective and non-injective realizations with symme- 
try, submitted to Contributions to Discrete Mathematics (2008), 
larXiv:0808.176Tl 

B. Schulze, Block-diagonalized rigidity matrices of symmetric frame- 
works and applications, submitted to Contributions to Algebra and Ge- 
ometry f2009). larXTv:0906.33771 



34 



B. Schulze, Combinatorial and Geometric Rigidity with Symmetry Con- 
straints, Ph.D. thesis, York University, Toronto, Canada, 2009. 

B. Schulze, A. Watson and W. Whiteley, Symmetry, flatness, and nec- 
essary conditions for independence, in preparation. 

B. Servatius, O. Shai and W. Whiteley, Combinatorial Characteriza- 
tion of the Assur Graphs from Engineering, submitted to the European 
Journal of Combinatorics f2008). larXiv:0801.25251 

B. Servatius, O. Shai and W. Whiteley, Geometric Properties of Assur 
Graphs, submitted to the European Journal of Combinatorics (2008), 
larXiv:0801.4TT3 vl. 

T.-S. Tay, Rigidity of multigraphs I: Linking rigid bodies in n-space, J. 
Comb. Theory Ser. B 26 (1984), 95-112. 

T.-S. Tay, A New Proof of Laman's Theorem, Graphs and Combinatorics 
9 (1993), 365-370. 

T.-S. Tay and W. Whiteley, Generating Isostatic Frameworks, Structural 
Topology No. 11 (1985), 21-69. 

T.-S. Tay and W. Whiteley, Recent advances in generic rigidity of struc- 
tures, Structural Topology, No. 9 (1985), 31-38. 

N. White and W. Whiteley, The algebraic geometry of bar and body 
frameworks, SIAM J. Algebraic Discrete Methods 8 (1987), 1-32. 

W. Whiteley, Infinitesimal Motions of a Bipartite Framework, Pacific 
Journal of Mathematics 110, No.l (1984), 233-255. 

W. Whiteley, A Matroid on Hypergraphs, with Applications in Scene 
Analysis and Geometry, Discrete and Computational Geometry 4 
(1989), 75-95. 

W. Whiteley, Some Matroids from Discrete Applied Geometry, Contem- 
porary Mathematics, AMS, Vol. 197 (1996), 171-311. 

W. Whiteley, Counting out to the flexibility of molecules, Physical Bi- 
ology 2 (2005), 1-11. 

W. Whiteley, Rigidity and Scene Analysis, in Handbook of Discrete 
and Computational Geometry, Goodman, J.E., O'Rourke, J., editors, 
Chapman & Hall \CRC, 1327-1354, 2006. 



35 



